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Abstract

The locomotion of a viscous drop induced by an internal secretion of a weak surface-active substance is
considered. The system consists of a viscous drop that contains another smaller droplet at an off-center
location and is embedded in an unbounded viscous fluid that is free of the surfactant far from the drop.
The inner droplet has a uniform concentration of the secreted material, while a non-adsorbing kinetics
is used for the mass flux across the surface of the larger drop. The mass transfer results in a non-uniform
distribution of interfacial tension at the outer surface and induces a Marangoni flow there and a migration
of the fluid particles. The dependence of the velocities of the drops migration on the distance between the
centers and on governing parameters such as the ratios of the viscosity and diffusivity of the phases is stud-
ied for the cases when the motion is induced solely by the Marangoni effect and under the combined action
of gravity and thermocapillarity. Non-linear effects of convective transport at low and high Peclet numbers
and of surface deformations are presented.
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1. Introduction

Drops containing smaller droplets or bubbles (compound drops) are encountered in many
modern applications, such as direct-contact heat exchange (Sideman and Moalem-Maron,
1982), membrane separation technology (Landman, 1983), liquid–liquid extraction and so on.
Compound drops can also model complex systems such as eukaryotic biological cells (Kan
et al., 1998, 1999). Numerous studies of the hydrodynamics of multiphase drops have been stim-
ulated by its extreme technological importance. Sadhal and Oguz (1985) examined the buoyancy
driven motion of a non-deformable compound drop and found a rich variety of flow patterns. The
effect of small deformations was studied by Landman (1985), Chervenivanova and Zapryanov
(1989) and by Stone and Leal (1990) making use of perturbation techniques. Larger deformations
in simple shear and extensional flows were studied numerically by Stone and Leal (1990) and by
Kan et al. (1998, 1999).
During the processes mentioned above, the motion of the compound drops is typically accom-

panied by heat or mass transfer and one may expect a significant influence of the Marangoni effect
on the dynamics. Thus, the motion of spherical compound drops under externally imposed tem-
perature or surfactant concentration gradient was investigated by Morton et al. (1990). The mo-
tion that results from both a temperature field and residual contaminations applied at the surface
of a liquid system was analyzed by Lyell and Carpenter (1993).
In some cases the surface of the encapsulated drop may be active, e.g. a surface-active substance

may be secreted from it. For an off-center location of the inner drop, the diffusive mass transfer
results in a non-uniform distribution of surfactant along the outer surface that, in turn, results in
interfacial stress variation that ultimately induce a surface motion and locomotion of the drop.
An internal secretion of active substance is typical especially for small biological bodies. The de-
scribed system may thus serve as a simplified model for chemotaxis of biological particles due to
the activity of internal organelles such as mitochondria, lysosomes, and Golgi apparata. On the
other hand, the Marangoni convection induced inside the drop results in the migration of the in-
ner droplet in the direction of the surface or the center of the large drop. This effect may stabilize
or destabilize a concentric position of the inclusion and thus to be of importance in the processes
of encapsulation, etc.
In this paper we present a theoretical study of the motion of the compound drop due to the

internal secretion of a surface-active substance. In our model we consider a viscous drop that con-
tains another smaller droplet at an off-center location. The system is embedded in an unbounded
viscous fluid that is free of the surfactant far from the drop. The inner droplet has a uniform con-
centration of the secreted material, while a non-adsorbing kinetics is used for the mass flux across
the surface of the larger drop. The focus of the study is on the case of a locomotion induced solely
by the Marangoni effect. For completeness, the combined action of buoyancy and Marangoni ef-
fect is also considered. Our primary interest is on the motion of small bodies when the surface
forces are comparable with mass forces or dominate over them in a quiescent fluid.
In Section 2 a mathematical model of the process is formulated, and the relative influence of

inertia, convective mass-transfer and the deformability of the interfaces are discussed. In Section
3 a simplified quasi-stationary model (briefly described in Nir and Lavrenteva, 2003) is presented
and the method of solution that used some earlier results of the motion of compound drops
(Sadhal and Oguz, 1985; Morton et al., 1990; Loewenberg and Davis, 1993) is described.
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The results of calculations for the motion in the absence of external forcing are given in Section
4. It was found that, although the surface of the inner droplet has a uniform concentration, the
droplet migrates within the outer body due to the internally induced circulation. In the case, when
interfacial tension grows with the concentration of the secreted surfactant, the inner drop migrates
to the center of the outer one and, with time, a stable concentric configuration is established.
However, if the secreted surfactant reduces the interfacial tension as it happens in most cases,
the velocity of the inner droplet exceeds that of the large drop. With the passage of time, the drop-
let approaches the interface of the drop and the eccentricity of the system is increased. When the
distance between the centers increases the relative velocity first grows, but when the droplet ap-
proaches the interface its motion is retarded by the strong viscous resistance. At the limiting con-
figuration of touching surfaces the aggregate moves with a constant non-zero velocity. To study
the motion of the inner droplet near the interface of the outer one, a use was made of a modifi-
cation of an approach developed earlier for two separate drops at close proximity (Loewenberg
and Davis, 1993). The details of the methods used and the results of the calculations for the spon-
taneous motion are given in Sections 3.2 and 4, respectively.
In the case of a simultaneous action of buoyancy and a spontaneous Marangoni effect, the inner

particle does not necessarily migrate to the surface or center of the outer drop but it may reach a
stable eccentric configuration. Possible regimes of interaction and corresponding flow patterns are
described in Section 4.2. Our basic results were calculated for the case of non-deforming surfaces
where inertia is neglected and when diffusion dominates the mass transfer mechanisms in the
bulks. In Section 5 we study the possible effect of unsteady and non-linear convective mass trans-
fer at low and high Peclet numbers, while in Section 6 the effect of slight deformability of the inter-
faces at various regimes and various stages of the process is analyzed. The conclusions are given in
Section 7.
2. Problem formulation

Consider a drop of radius a submerged into an unbounded viscous fluid and containing another
smaller droplet of radius b that serves as a source of a soluble weak surfactant. The three different
immiscible phases are denoted by the indices 0, 1 and 2 as shown in Fig. 1. Assume further that
the ambient fluid far from the drop is quiescent and free of surfactants, and that the concentration
of the surfactant on the inner interface, C2, is uniform. All physical properties of the fluids are
assumed to be constant, except for the interfacial tension on the outer interface, which is consid-
ered to depend solely on the concentration, r = r (C). This dependence can be established exper-
imentally or deduced theoretically from thermodynamic considerations (see e.g. Edwards et al.,
1991 and Chen and Stebe, 1997). In practice, it is often linearized to yield r = r0 + rcC, with
rc being a negative constant. Since the concentration in our system varies from zero to C2, a
requirement jrcjC2/r0 < 1 is sufficient to ensure positiveness of the surface tension.
At the outset, we introduce dimensionless variables based on the size of the larger drop and on

the physical properties of the ambient fluid. The velocity is scaled by V* = jrcjC2/g0, where g0 de-
notes the ambient fluid viscosity, and the concentration is scaled by C2. The system is governed by
the following set of dimensionless parameters: Reynolds number, Re = q0aV*/g0, where q0 is the
density of the ambient phase; Peclet numbers, Pei = aV*/Di, with Di being the diffusivity of the
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Fig. 1. Schematic illustration of a drop with an eccentrically located inclusion.
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surfactant in the liquid i; capillary numbers, Ca1 = g1V*/r0 and Ca2 = g2V*/r2, where gi is the
viscosity of the corresponding phase and r2 is the interfacial tension at the inner droplet surface.
Denoted are the ratios of physical characteristics of the phases and the ratio of drops� radii by
li = gi/g0 (i = 1,2), j = D1/D0 and R = b/a, respectively. When the compound drop moves under
the action of gravity force, the numbers
Ar1 ¼
4p
3

g
ðq0 � q1Þa3 � ðq1 � q2Þb3

V �g0a
and Ar2 ¼

4p
3

gb3
q1 � q2
V �g0a

;

with qi being the density of liquid i and g being the magnitude of gravitational acceleration, char-
acterize the relative influence of gravity and Marangoni effect for each of the drops. Note that
these parameters may be negative as well as positive. If the averaged density of the aggregate ex-
ceeds that of the ambient liquid, Ar1 is negative while in the opposite case it is positive.
Our primary interest is in the motion of small bodies (a � 10�3–10�8 m) in an otherwise quies-

cent fluid when the surface forces are comparable with gravity forces or dominate over them. The
characteristic velocity of such a flow is proportional to the drops dimension a and the Reynolds
number, being thus proportional to a2, remains small. The inertia-induced correction to steady
and quasi-steady migration velocities of particles in viscous fluid at low Reynolds number is a
well-studied subject. Beginning with the classical works by Oseen (1927) and Basset (1888),
who considered the motion of a single solid particle in a quiescent fluid, it is believed that the lead-
ing effect of inertia scales as Re and Re1/2 for the stationary and non-stationary problems, respec-
tively. Recently it was realized (see Leshansky et al., 2003, 2004) that an Oseen-type O(Re)
correction is related to an O(1/jxj) term in the far field velocity expansion, Stokeslet, while a Bas-
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set-type O (Re1/2) correction is related to the time derivative of the Stokeslet. (Though only solid
particles were considered, the results are equally applicable to the cases of drops and bubbles.) In
the absence of a Stokeslet for surface-induced motion (e.g. Subramanian and Balasubramaniam,
2001), and for a time independent Stokeslet associated with the motion of a collection of particles
in gravity field, the expected effect of inertia is even weaker, being of O (Re) for the transient un-
steady period and of O (Re2) for steady configurations. These values are small and, thus, it is
anticipated that the solution with Re = 0 will be an appropriate approximation.
Under the quasi-steady approximation for the hydrodynamic part of the problem the pressure

and velocity fields can be found from stationary Stokes equations for any given configuration of
the interfaces and distribution of concentration over the interfaces. The velocity, u, and pressure
(modified by adding the gravity force potential), p, fields in each phase satisfy the quasi-stationary
Stokes equations
lir2ui ¼ rpi; r 	 ui ¼ 0; x 2 Xi; i ¼ 0; 1; 2; ð1Þ

and the following boundary conditions are applied: the fluid is at rest at infinity
u0 ! 0; j x j! 1; ð2Þ

while the velocity field is continuous across the drops� interfaces
u0;2 ¼ u1; x 2 oX1;2: ð3Þ

The balance of stresses at the interfaces read
ðP1 � P0Þ 	 n ¼ 2ðCa�11 � cÞHnþrsc; x 2 oX1; ð4Þ
ðP2 � P1Þ 	 n ¼ 2Ca�12 Hn; x 2 oX2; ð5Þ

Here $s = $ � n (n Æ $) denotes a so-called surface gradient, Pi = �piI + li [$ui + ($ui)

T] is the
stress tensor, while n and H are the unit normal vector and mean curvature of the surface, respec-
tively. Note that Ca1 should not exceed unity to avoid negative surface tension and, thus, it can be
considered as a small parameter. Ca2 is normally of the same order of magnitude as Ca1.
Since the liquids are immiscible, the normal components of the velocity of each fluid at the sur-

face of a drop and the normal velocity of the interface, Ui, are equal
ui 	 ni ¼ Ui; x 2 oXi; i ¼ 1; 2: ð6Þ
The dimensionless concentration fields ci satisfy diffusion equation
Peiðoci=ot þ u 	 rciÞ ¼ Dci; x 2 Xi; i ¼ 0; 1: ð7Þ
The concentration is constant at the surface of the small drop
c1 ¼ 1; x 2 oX2:
The concentration and the mass flux are continuous through the surface of the large drop, i.e.
c1 ¼ c0;
oc0 ¼ j

oc1
; x 2 oX1:
on on
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The problem formulation is completed by the initial conditions for the concentration and the
geometry of the surfaces of the drops.
In contrast to the Reynolds number that, for the cases under consideration, is always very small

and the Capillary number that is smaller than one, the Peclet number may vary from very small up
to very large values. In this paper our primary interest is on the case of negligibly small Pe that is
considered in Sections 3 and 4. For completeness we consider also the leading order corrections to
this solutions in Pe and the case of small Pe inside the drop and large outside, see Section 5.
3. Quasi-stationary motion of spherical drops: method of solution

For negligibly small Peclet number of the both phases, the leading order approximation of the
dimensionless concentration fields ci satisfy Laplace equation
Dci ¼ 0; x 2 Xi; i ¼ 0; 1: ð8Þ

The concentration vanishes in the ambient fluid far from the drops
c0 ! 0 j x j! 1; ð9Þ

being constant at the surface of the small drop,
c1 ¼ 1; x 2 oX2: ð10Þ

The concentration and the mass flux are continuous through the surface of the large drop, i.e.,
c1 ¼ c0;
oc0
on

¼ j
oc1
on

; x 2 oX1: ð11Þ
The concentration field resulting from problem (8)–(11) may be solved for any given configu-
ration of the system independent of the hydrodynamic part and provide the distribution of con-
centration on the interface oX1.
As soon as the latter is known, the velocity field can be obtained by solving (1)–(5) for a given

configuration of the interfaces. The latter then are advances with the normal velocities given by
(6). The zero Reynolds and Peclet numbers formulation is addressed as a quasi-stationary approx-
imation since both concentration and velocity field are found from the stationary equations
depending on time parametrically via evolving geometry of the interfaces.
If capillary numbers associated with both interfaces are small then, at the leading order, the

drops maintain their spherical shape and, hence, the normal components of the velocity of the
fluid at the surface of a drop and of the velocity of the drop, Vi, are equal, i.e.
Ui ¼ Vi 	 n; x 2 oXi; i ¼ 1; 2: ð12Þ
The normal stress balance results in the balance of the forces acting on each of the drops
Fi ¼
I
oXi

Pi 	 ndsþ mig ¼ 0: ð13Þ
A correction to the solution of the spherical drops can be constructed using the methods of reg-
ular perturbation expansions in capillary numbers. The details are given in Section 6.
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If the motion of the droplets is axi-symmetric, as it is in the case of the motion driven solely by
the Marangoni effect, it is convenient to apply orthogonal coordinates, (n,g,/), conjugate to the
cylindrical system (z, r,/), having the interfaces of the drops as coordinate surfaces and to intro-
duce an axi-symmetric Stokes stream function W such that the velocity components are
un ¼
h
r
oW
of

; uf ¼ � h
r
oW
on

;

where h is a metric coefficient.
The stream function satisfies the following equation (Happel and Brenner, 1965):
E2ðE2WiÞ ¼ 0; x 2 Xi; i ¼ 0; 1; 2 ð14Þ
with
E2 ¼ rh2
o

on
1

r
o

on

� �
þ o

of
1

r
o

of

� �� �
In this representation the subscripts 0, 1 and 2 correspond to domains of the continuous outer
phase with n < a, the larger drop, a < n < b, and the droplet, n > b, respectively.
The boundary conditions (3), (6) can be rewritten in terms of the stream function as
W0;2 ¼ W1 ¼ �r2V 1;2 and
oW0;2

on
¼ oW1

on
; n ¼ a;b: ð15Þ
The tangential stresses balances at the interface of the drops, which link the concentration and
the velocity fields, are of the form
P0
nf � P1

nf ¼ h
oc
of

; n ¼ a; ð16Þ
P1
nf � P2

nf ¼ 0; n ¼ b: ð17Þ
As soon as the stream function is known, the force exerted on a body by the fluid in the positive
z-direction can be calculated as (Happel and Brenner, 1965)
F z ¼ lp
Z

r3
oW
on

E2W
r2

� �
df: ð18Þ
Due to the linearity of the problem, the flow field may be constructed as a superposition of a
Marangoni flow generated around the interfaces of the drops at rest by a given distribution of
surfactants and a flow that would be generated by the motion of the drops in the absence
of the Marangoni effect. Similarly, the force acting on each drop can be represented as a sum
of the following forces:

1. Marangoni force F mi that is exerted on the drop i at rest by a flow generated by a non-uniform
distribution of concentration. Supposing V1 = V2 = 0 in boundary condition (15) we solve the
system of Eqs. (15)–(17) and then find the force F mi according to formula (18).
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2. Hydrodynamic drag force, V1Fi, that acts on a moving drop in the presence of another drop
moving with the same velocity V1 and in the absence of the Marangoni effect. Fi can be found
by applying (18) to the solution of (15)–(17), with V1 = V2 = 1 and with oc/of = 0 in boundary
condition (16).

3. Hydrodynamic force, VrFr, that acts on a droplet moving with the velocity Vr within the qui-
escent outer drop in the absence of the Marangoni effect. Fr can be found by applying (18) to
the solution of (15)–(17), with V1 = 0, V2 = 1, and with oc/of = 0 in boundary condition (16).

4. Gravity and buoyancy forces exerted on the particles, F gi ¼ Ari, i = 1,2.

If the drops do not touch, the balances of the forces acting on the drops are
V 1F 1 þ F g1 þ F m1 ¼ 0; ð19Þ
V 1F 2 þ V rF r þ F g2 þ F m2 ¼ 0 ð20Þ

and they provide a system of linear algebraic equations for the velocities of the particles. A mod-
ification of these force balances in the case of drops in contact is discussed below in Section 3.2.
Knowing the velocities, the positions of the drops can be advanced according to (6).

3.1. Separated surfaces

When the separation between the interfaces is larger than or comparable with the dimension of
the smaller drop, the natural choice is to use the bi-spherical coordinate system (n,f,/) connected
with the two droplets that is linked with the cylindrical system by the following relations:
z ¼ sinh n=h, r ¼ sin f=h, h ¼ ðcosh n � cos fÞ= sinh a. The interfaces of the large drop and the
small droplet are described by the coordinate surfaces n = a and n = b, respectively. If the ratio
of the radii R and the separation distance d are given, then a and b can be defined by
cosh a ¼ ð1� R� dÞ2 þ 1� R2

2ð1� R� dÞ ; coshb ¼ 1� R2 � ð1� R� dÞ2

2Rð1� R� dÞ ; 0 < a < b: ð21Þ
The general solution of the Laplace equation is expressed in the form of Fourier series (see e.g.,
Subramanian and Balasubramaniam, 2001)
ci ¼ ðcosh n � cos fÞ1=2
X1
n¼1

UnðnÞPnðcos fÞ; i ¼ 0; 1; ð22Þ
where
UnðnÞ ¼ Ei
n coshðnþ 1=2Þn þ Gi

n sinhðnþ 1=2Þn; ð23Þ

while Pn (l) are Legendre polynomials. Substituting these series into boundary conditions (9)–(11)
results in an infinite system of linear algebraic equations for the coefficients Ei

n and Gi
n, which we

then solve for a specified level of accuracy (see Golovin et al., 1995 and Appendix A for more de-
tails). As soon as the concentration field is available, the stream function can be determined using
the algorithm developed for computing the interaction of two drop under Marangoni convection
(Morton et al., 1990).
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The general solution of (14) in bi-spherical coordinates was given by Stimson and Jeffrey (1926)
as
Wi ¼ ðcosh n � lÞ�3=2
X1
n¼1

W i
nðnÞC

�1=2
nþ1 ðcos fÞ; i ¼ 0; 1; 2; ð24Þ
where C�1=2
nþ1 are the Gegenbauer polynomials and with the general form of the coefficients W i

n
being
W i
n ¼ Ai

n coshðn� 1=2Þn þ Bi
n sinhðn� 1=2Þn þ Ci

n coshðnþ 3=2Þn þ Di
n sinhðnþ 3=2Þn

ð25Þ

Substituting (24) and (25) into boundary conditions (15)–(17) results in a finite system of linear

equations for the coefficients of the stream function for any choice of n. The right-hand side of this
system depends on the coefficients Ei

n, and F i
n (see Golovin et al., 1995 and Appendix A for the

details). The forces exerted on the drops by the flow can be computed according to (Happel
and Brenner, 1965)
F 1;2 ¼
2pl0;1

ffiffiffi
2

p

sinh a

X1
n¼1

ðA0;1n þ B0;1n þ C0;1n þ D0;1n Þ: ð26Þ
3.2. Surfaces at near-contact

The use of bi-spherical coordinates becomes impractical as the separation distance tends to zero
due to the slow convergence of the Fourier series (22) and (24). An appropriate method of analysis
in this limit relies on the lubrication approximation for the fluid motion inside the narrow gap
between the drops, coupled with the thermo-capillary flow established inside and around the con-
tacting pair of bodies (Loewenberg and Davis, 1993). Analysis shows that, when the droplet is
close to the interface of the drop, i.e. for small d, the dimensionless hydrodynamic resistance to
the relative motion grows as Fr ’ d�1/2.
The thermo-capillary part of the force and the hydrodynamic resistance of two drops moving

with equal velocities, denoted as F mi and Fi in (19) and (20), depend continuously on d and may be
approximated with the value at d = 0. In this case of touching drops, the force balance should be
modified by introducing a �contact force�, Fc, that acts on the droplet and on the outer surface with
equal magnitude and opposite direction at the point of their contact. The force balance on the
large drop is given by (19), while the force exerted on the inner drop is balanced by the �contact
force�, which is given by
F c ¼ F g2 þ F m2 � ðF g1 þ F m1 ÞF 2
F 1

: ð27Þ
The velocities of the individual drops at near contact are given by the approximate expressions
resulting from the lubrication analysis
V 1 ¼
ðF g1 þ F m1 Þ ; V 2 ¼ V1 þ Vr ¼ V 1 þ

F1ðFg2 þ F m2 Þ � F2ðF
g
1 þ Fm1 ÞÞ ; ð28Þ
F 1 F r
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The hydrodynamic resistance to the translation of a drop in contact with another drop, Fi, the
thermo-capillary part of the force exerted on each drop, F mi , and the interfacial concentration dis-
tribution can be determined via the use of orthogonal tangent-spheres coordinates (n,f,u) related
to cylindrical coordinates (z, r,u) by z = n/(n2 + f2), r = f/(n2 + f2), h = n2 + f2. In this coordinate
system the interfaces of the large drop and the small droplet are described by the coordinate sur-
faces n ¼ a ¼ 1

2
and n ¼ b ¼ 1

2R, respectively. The general solution of the Laplace equation is ex-
pressed in the form (see e.g. Leshansky et al., 1997)
c ¼ ðn2 þ f2Þ
1
2

Z 1

0

½H 0;1ðsÞ sinh sn þ K0;1ðsÞ cosh sn�J 0ðsfÞds; x 2 X0;1: ð29Þ
Substituting this representation into boundary conditions (9)–(11) results, after certain
manipulations, in a system of linear ordinary differential equations and boundary condi-
tions for the functions H0,1(s) and K0,1(s) that can be solved numerically. Note that in a spe-
cial case of equal diffusivities of the phases, the concentration field is described by the
fundamental expression c = 1/d, were d is distance from the center of the small sphere and, hence,
in this case
ðrcÞf ¼
o

of
1

dðn; fÞ

� �
ðn2 þ f2Þ:
A general solution of (14) in the domain X1 is (Cooley and O�Neil, 1969)
W1 ¼
f

ðf2 þ n2Þ
3
2

Z 1

0

½ðAðsÞ þ CðsÞnÞ sinh sn þ ðBðsÞ þ DðsÞnÞ cosh sn�J 1ðsfÞds: ð30Þ
A solution of (14), bounded in X0 and satisfying conditions (15), is
W0 ¼
f

ðn2 þ f2Þ
3
2

Z 1

0

ðA0ðsÞ þ C0ðsÞnÞesn þ
1

2
e�sjnj j n j þ 1

s

� �
V 1

� �
J 1ðsfÞds; ð31Þ
while a bounded solution for the interior fluid within the small drop, X2, is
W2 ¼
f

ðn2 þ f2Þ
3
2

Z 1

0

½ðA2ðsÞ þ C2ðsÞnÞe�sn�J 1ðsfÞds; ð32Þ
where J0 and J1 are Bessel functions of the first kind.
Inserting the stream function expressions into boundary conditions (15)–(17) we obtain a set of

algebraic equations to determine the functions A (s), B (s), C (s), D (s), A0 (s), C0 (s), A2 (s) and
C2 (s). When these are known, the forces exerted by the flow on each of the drops can be computed
according to (18)
F 1 ¼
4p
l1

Z 1

0

sA0ðsÞds; and F 2 ¼
2pl2
l1

Z 1

0

s½AðsÞ þ BðsÞ�ds: ð33Þ
(see Appendix B for more details).
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4. Quasi-stationary motion of spherical drops. Results and discussion

4.1. Self-induced motion

We discuss first the case where the motion is driven solely by the Marangoni effect. Our calcu-
lations revealed that in the common case when rc < 0, if the drops are not concentric, the inner
droplet acquires a velocity directed from the center to the interface of the large drop. The latter
drop also begins to move in the same direction. The velocity of the droplet always exceeds that of
the drop and the distance between the centers increases. Thus, our results show that the stationary
concentric configuration is unstable.
Iso-concentration contours for diffusivity ratio j = 2 and j = 0.2 (R = 0.4, d = 0.08) are shown

in Fig. 2a and b, respectively. For j = 1, iso-concentration lines are circles concentric with the
inner droplet. For j = 0, the concentration in the outer phase and on the surface of the large drop
is uniform and, hence, no Marangoni flow is induced. Streamline patterns for R = 0.4, d = 0.12,
j = 0.2, l1 = l2 = 2 are shown in the laboratory reference frame in Fig. 3a and in the reference
frame linked to the large drop in Fig. 3b. The motion of the two drops in the same direction
and the drift of the inner droplet in the direction of the surface of the large one are evident in
Fig. 3a and b, respectively. An interesting feature of the motion is the onset of a region of reverse
flow (Fig. 3a) similar to that observed by Morton et al. (1990) for a compound drop subjected to
an externally imposed temperature gradient. The streamline pattern of the induced flow, shown in
Fig. 3b in a frame of reference attached to the large drop, reflects the integral results that the
migration velocity of the inner drop is higher than that of the outer drop, and an eventual contact
is expected. Typical streamline pattern for two drops moving in contact is illustrated in Fig. 4.
The dependence of the drops� velocities on the diffusivity ratio, viscosity ratio, radii ratio, and

interface separation was studied. The results are illustrated in Figs. 5–7. The relative velocity of
the drops is depicted in Fig. 5 versus separation distance for various values of the other governing
parameters. The velocity vanishes when the drops are concentric and when they touch, and it
reaches a maximum value at a certain separation distance that is on the order of the droplet�s
(a) (b) 

Fig. 2. Iso-concentration contours for R = 0.4, d = 0.08 (a) j = 2, (b) j = 0.2. The dashed curves denote the drops�
surface.



(a) (b) 

Fig. 3. Streamline patterns for R = 0.4, d = 0.12, j = 1, l1 = l2 = 2. (a) Laboratory reference frame. (b) Frame moving
with the large drop. The dashed curves denote the drops� surface.

Fig. 4. Streamline patterns for two drops moving in contact, R = 0.333, j = 1, l1 = 1, l2 = 2. The reference frame is
moving with the aggregate. The dashed curves denote the drops� surface.
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radius. A lubrication analysis of the flow at the thin gap between the surfaces, similar to that con-
ducted by Loewenberg and Davis (1993), shows that at small gap thickness d the lubrication
resistance is of order Fr ’ O(d�1/2), which yields that non-deformable drops touch at a finite time.
The dependence of the relative velocity on the radii ratio, R, diffusivity ratio, j and the viscosity
ratios, l1 and l2 are illustrated in Fig. 5a, b, c and d, respectively.
In Fig. 5a, l1 = l2 = 1, j = 1. Dashed, dashed-dotted, dotted and solid curves correspond to

R = 0.05, 0.2, 0.5 and 0.75, respectively. The relative velocity decreases with R and vanishes in
the limit R ! 0 corresponding to vanishing radius of the inner drop. At a fixed separation, the
velocity first increases with R, reaches maximum value at R ’ 0.5 and for larger R it decreases.
In Fig. 5b, l1 = l2 = 1, R = 0.2. Solid, dashed, dotted and dashed-dotted curves correspond to

j = 1, 2, 10 and 0.2, respectively. The distance, at which the maximum relative velocity is realized,
increases with the diffusivity ratio. For a fixed separation, the dependence of the relative velocity
on the diffusivity ratio is not monotonic, and it exhibits a maximum at some critical value of j
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that decreases with the growth of separation distance. At the limit j ! 0, corresponding to the
case of non-conducting large drop, the migration velocity vanishes, while at the limit j !1 cor-
responding to the case of non-conducting ambient liquid, the velocity tends to a finite non-zero
value.
The dependence of the relative velocity on the viscosity of the inner droplet and on the ambient

fluid is illustrated in Fig. 5c and d, respectively. In Fig. 5c j = 1 and R = 0.8. Solid, dashed and
dashed-dotted curves correspond to l1 = l2 = 1; l1 = 10, l2 = 0.1 and l1 = 0.2, l2 = 5, respec-
tively. In Fig. 5d, j = 1, R = 0.2. Solid, dashed and dashed-dotted curves correspond to
l1 = l2 = 1, 0.2 and 10, respectively. One can see that the influence of the viscosity of the droplet
on the migration velocity is significant for small separation distances (Fig. 5c), while the growth of
the viscosity of the large drop results in a substantial retardation of the motion for any configu-
ration (Fig. 5d).
The velocity of the large drop versus separation distance is shown in Fig. 6. The dependence

of the velocity on the radii ratio, diffusivity ratio and the viscosity ratios are illustrated in plots
6a–d, respectively. In Fig. 6a l1 = l2 = 1, j = 1. Solid, dotted, dashed-dotted and dashed curves
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correspond to R = 0.75, 0.5, 0.2 and 0.05, respectively. It is evident that the migration velocity
grows with the radii ratio and it tends to zero with R ! 0. At a fixed separation, the velocity first
increases with R, reaches maximum value at R ’ 0.5 and for larger R it decreases.
In Fig. 6b l1 = l2 = 1, R = 0.2. Solid, dashed, dotted and dashed-dotted curves correspond to

j = 1, 2, 10 and 0.2, respectively. For large j, the velocity of the outer drop decays monotonically
with the growth of the separation distance, while for smaller j it exhibits a maximum at some d.
For a fixed separation, the dependence on the diffusivity ratio is not monotonic, and it achieves its
maximum value at j ’ 2.
In Fig. 6c, l1 = 1, j = 1, R = 0.8. Solid, dashed and dashed-dotted curves correspond to

l1 = l2 = 1; l1 = 10, l2 = 0.1 and l1 = 0.2, l2 = 5, respectively. The velocity of the large drop de-
cays with the growth of the viscosity of the inclusion. The influence of viscosity of the droplet on
the migration velocity is pronounced for moderate separations and becomes insignificant when
the surfaces come closer. Fig. 6d illustrates the dependence of the aggregate migration velocity
on the ratio of its viscosity to that of the ambient medium for j = 1, R = 0.2. Solid, dashed
and dashed-dotted curves correspond to l1 = l2 = 1, 0.2 and 10, respectively. The growth of
the viscosity of the large drop results in a significant retardation of the motion for any
configuration.
From Fig. 6 it is evident that, similar to the relative velocity, the velocity of the larger drop van-

ishes for the concentric configuration, while when the separation distance tends to zero, the veloc-
ity of the large drop tends to a finite non-zero value. Thus, starting from some non-concentric
configuration, both drops move in the same direction with the inner droplet having a larger veloc-
ity. The eccentricity of the system increases. When the droplet comes closer to the interface of the
large drop, its relative motion is retarded by the strong viscous resistance and both particles con-
tinue to move with the same speed.
After collision has taken place, the aggregate exhibits steady thermo-capillary migration with

the velocity V1 defined in the first of Eq. (28). Fig. 7 shows the dependence of the migration veloc-
ity of the drops pair on the radii ratio R for the particular case of equal diffusivities and for a
range of viscosity ratios. In Fig. 7a l2 = 1, solid, dashed and dashed-dotted curves correspond
to l1 = 1, 0.1 and 5, respectively. In Fig. 7b l1 = 1, solid, dashed and dashed-dotted curves cor-
respond to l2 = 1, 0.1 and 5, respectively. It is evident that the velocity decreases monotonically
with the growth of each of the viscosities, with much stronger sensibility to the viscosity of the
large drop. Every curve in Fig. 7 exhibits a maximum at R ’ 0.5, and vanishes in the limits
R ! 0, corresponding to vanishing radius of one of the drops, and R ! 1, corresponding to
equal-sized drops.

4.2. Combined action of gravity and Marangoni effect

In all the cases discussed thus far in this paper, the flow is driven solely by the Marangoni trac-
tion. In many applications, however, gravitational effects also play an important role. In this sec-
tion we study the combined effect of gravity and thermocapillarity on the motion of a compound
drop. We concentrate on the axisymmetric configuration where the centerline of the drops is par-
allel to the gravity acceleration vector, a case that can be studied using the technique developed in
the previous sections. It is anticipated that the axisymmetric configuration is realized in most cases
following an initial period during which 3-dimensional flow is present.
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Compared to the case of self-induced motion, here the problem has two additional governing
parameters, Ar1 and Ar2, defined in Section 2, characterizing the relative influence of gravity on
the motion of each particle. Note that these parameters may be negative as well as positive. If the
averaged density of the aggregate exceeds that of the ambient liquid, the number Ar1 is negative
while in the opposite case it is positive. The other parameter, Ar2, characterizes the relative influ-
ence of buoyancy on the motion of the inner drop.
We do not conduct a full parametric analysis of the problem but rather consider some interest-

ing special cases, where we describe typical flow patterns and give qualitative description of drops
behavior.
Some typical dependence of the relative velocity of the two drops (velocity of the droplet in the

reference frame attached to the drop) rescaled by the characteristic buoyancy driven velocity of
the large drop, Vr/Ar1, on the center-to-center distance, Z = Z2 � Z1, are shown in Fig. 8 for a
variety of governing parameters. Positive values of Z correspond to the cases when the inner drop
is close to the upper surface of the large one. Zero relative velocity corresponds to an equilibrium
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configuration of the system. The velocity is negative in the case of a downward motion (see Fig.
1).
Sadhal and Oguz (1985), studied the buoyancy-driven motion of a compound drop and found

that, depending on the governing parameters, there are cases where zero, two or four equilibrium
positions of the inner drop inside the outer one exist, in addition to the touching aggregate con-
figuration. Fig. 8 illustrates the combined action of buoyancy and Marangoni effect on the relative
motion of a light inner droplet (Ar2 > 0) within the heavy large drop (Ar1 < 0) for R = 0.4, l2 = 0,
and the values of the other parameters corresponding to each of the cases mentioned above.
In Fig. 8a l1 = 10.53, j = 1 and Ar2/Ar1 = �0.0206. In the absence of Marangoni effect the

internal circulating flow within the large drop is not strong enough to reverse the motion of
the droplet. The latter always moves upwards and eventually touches the upper interface. The
dashed-dotted curve with Ar1 = �12 illustrates the case of a relatively weak Marangoni effect
when the interaction pattern is qualitatively similar to that driven solely by buoyancy. The solid
curve is calculated for Ar1 = �2450. Here the Marangoni effect is stronger and results in the
appearance of an unstable equilibrium position in the vicinity of the lower interface. The inner
droplet released at the position above this equilibrium would move to the upper interface and
that released below migrates to the lower interface. With the further increase of Ar1 this posi-
tion is shifted upwards (see dashed, Ar1 = �1210 and dotted, Ar1 = �80, lines) and tends to the
center of the large drop where it should be located for the motion driven solely by the Marangoni
effect.
In Fig. 8b l1 = 9.524, j = 1, Ar2/Ar1 = �0.0206. The viscosity of the large drop is lower and

the internal circulation is more intensive than in the previous case. In the absence of Marangoni
effect the droplet motion within the large drop is always reversed. At any configuration, it moves
downwards and eventually touches the lower interface. The dashed line illustrates the case of a
weak Marangoni effect and the interaction pattern qualitatively similar to that driven solely by
buoyancy. The dashed-dotted curve is calculated for Ar1 = �8067. Here the Marangoni effect
is more pronounced and results in the appearance of a pair of equilibrium positions in the upper
part of the large drop, with the upper of them being stable. With the further decrease of jAr1j, the
stable position is shifted upwards and eventually merges with the interface of the large drop, as
illustrated by the dashed line calculated for Ar1 = �1152. The unstable position is shifted down-
wards and tends to the center of the large drop where it should by for the motion driven solely by
the Marangoni effect.
In Fig. 8c l1 = 9.7 j = 1, Ar2/Ar1 = �0.0206. In the absence of Marangoni effect the buoyancy

of the droplet is almost compensated by the action of the circulating flow. The direction of its rel-
ative motion depends on its position within the large drop. There exist two equilibrium positions
of the inner drop within the large one, the lower of them being stable. After being released at a
position lower than the unstable equilibrium position the drop would move towards the stable
equilibrium, while after release above this critical position it would move to the upper interface.
The dashed-dotted curve is calculated for Ar1 = �12,090, when the Marangoni effect is relatively
very weak, and the curve is similar to that observed for the motion driven solely by buoyancy. The
solid line corresponds to Ar1 = �2418. Here the influence of thermocapillarity is evident. The sta-
ble equilibrium position is shifted downwards and another unstable equilibrium appears near the
lower interface. With the further decrease of jAr1j, the lower unstable position moves upwards,
while the stable one downwards. For Ar1 = �1680 (dotted line) they merge into one unstable
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position and for smaller jAr1j, the interaction pattern is similar to that observed for the motion
induced solely by the Marangoni effect when there exists a single equilibrium position of the drop-
let inside the drop. It is illustrated by dotted line (Ar1 = �1209).
In Fig. 8d l1 = 9.7, j = 2128, Ar2/Ar1 = �0.0206. In the absence of Marangoni effect such a

pair of drops has four equilibrium positions of the inner drop within the large one, two of them
being stable. After being released below the first lower unstable equilibrium position the drop
would move downwards and eventually touch the lower interface. An inner drop initially placed
between two unstable equilibrium positions migrates toward the lower stable configuration and
the drop with the initial position higher than the upper unstable equilibrium migrates to the upper
stable equilibrium position. The dashed-dotted curve calculated for Ar1 = �105 demonstrates a
similar behavior. The dotted curve (Ar1 = �16.4) is already deformed by the Marangoni effect.
The two lower equilibrium points merge and only one stable equilibrium in the vicinity of the
upper interface is possible. With the further decrease of jAr1jthis equilibrium point is shifted up-
wards as it is demonstrated by the dotted curve (Ar1 = �12.1) and eventually merges with the
upper interface. For smaller jAr1jthe interaction pattern is qualitatively similar to that observed
for the motion induced solely by the Marangoni effect as it is shown by the dashed-dotted curve
calculated for Ar1 = �8.6.
An interesting sample of the dependence of the velocity of the large drop on the position of the

droplet is depicted in Fig. 9 for R = 0.4, l1 = l2 = 1, Ar1 = �0.03625, Ar2 = 0.12. Dashed, solid
and dashed-dotted curves are calculated for j = 500, 250 and 160, respectively. The average den-
sity of the compound drop exceeds that of the ambient fluid and, when driven solely by buoyancy,
it would move downwards for any configuration. The Marangoni effect results in the acceleration
of this motion when the inner drop is located below the center of the large one, and in a retarda-
tion in the opposite case. When the thermocapillary force is relatively strong, this retardation may
lead to the reversal of the motion of the large drop as it is demonstrated by the solid and dashed-
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dotted curves. The relative velocity of the inner drop in these cases is directed upwards. If initially
the droplet was placed below the large drop center, then in all the cases the compound drop first
moves downwards and, in the case of a weak Marangoni effect, the motion maintains its direction
(see the dashed curve). In contrast to this, for smaller values of Ar the motion of the large drop is
reversed when the inner droplet reaches some critical position inside it. The aggregate migrates
upwards and the inner drop continues to approach the upper interface. For strong enough ther-
mocapillarity, the upward motion is kept afterwards (see the dashed-dotted curve), while for inter-
mediate values of j, the motion is reversed once more when the inclusion reaches the second
critical position shown by the solid curve.
As it was shown above, the competition between buoyancy and the Marangoni flow induced on

the surface of the large drop results in complex combinations of the direction of motion of two
particles. In Figs. 10–12 we present a sample collection of flow patterns and streamlines for a
few of these possible realizations that depend on the combination of physical parameters and
the position of the small drop within the large one. The streamline patterns are depicted in the
laboratory reference frame. In all the cases l1 = l2 = j = 1, R = 0.2. In Fig. 10a d = 0.46,
Ar1 = �0.587, Ar2 = 1.038. The large drop moves upwards while the small one downwards.
(a) (b)

(c) (d)

Fig. 10. Streamline patterns with combined action of gravity and Marangoni effect. R = 0.2, l1 = l2 = j = 1. In (a)
d = 0.46, Ar1 = �0.587, and Ar2 = 1.038. The large drop moves upwards while the small one downwards. In (b) d = 0.5,
Ar1 = 5.19, Ar2 = �7.785. The larger drop moves downwards while the small one upwards. In (c) d = 0.46, Ar1 = 5,
Ar2 = 67.5. Both particles move upwards. In (d) d = 0.46, Ar1 = �0.5, Ar2 = �63. Both particles move downwards.



(a) (b)

(c) (d)

Fig. 11. Streamline patterns with combined action of gravity and Marangoni effect. R = 0.2, l1 = l2 = 1, j = 1. In (a)
h = 0.166, Ar1 = Ar2 = 1. In (b) d = 0.26, Ar1 = Ar2 = 1. In (c) d = 0.6, Ar1 = �2.158, Ar2 = 0.917. In (d) d = 0.6,
Ar1 = �1.268, Ar2 = 4.659.

Fig. 12. Streamline pattern for the case where the two bodies remain motionless. R = 0.2, l1 = l2 = j = 1, d = 0.46,
Ar1 = �0.286, Ar2 = 0.661.
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The opposite case, where the larger drop moves downwards while the small one upwards, is illus-
trated in Fig. 10b where d = 0.5, Ar1 = 5.19, Ar2 = �7.785. Note the separation streamline within
the large drop. The streamline patterns in the cases when the drops move in the same direction,
upwards or downwards, are illustrated in Fig. 10c and d.
We notice that there exist dynamic cases for which one of the drops is immobile in the labora-

tory frame although all fluids in the bulks and at the surfaces are circulating. Some of such cases
are illustrated in Fig. 11. In Fig. 11a d = 0.166, Ar1 = Ar2 = 1. Both drops are buoyant and would
move upwards in the absence of Marangoni effect. Thermocapillarity results in a downward
migration of the large drop and immobilization of the small one. A closed separation streamline
is evident in outer fluid around the large drop. In Fig. 11b, d = 0.26, Ar1 = Ar2 = 1. Here the
small drop is closer to the center of the large one and the influence of the Marangoni effect is
weaker than in the previous case. The large drop is quiescent while the small one drifts upwards.
The separation line is evident inside the large drop around the small one. In Fig. 11c, d = 0.46,
Ar1 = �2.158, Ar2 = 0.917. The density of the large drop is higher than that of the ambient med-
ium, while the density of the droplet is lower. The Marangoni force that is directed downwards
makes the small particle move against buoyancy, while the large one remains immobile. The sep-
aration streamline coincides with the interface of the drop. In Fig. 11d, d = 0.46, Ar1 = �1.268,
Ar2 = 4.659. A separation streamline is evident in the outer fluid near the drop�s interface.
For a certain values of parameters the Marangoni effect may compensate the buoyancy forces

acting on both drops and result in stationary configuration of neutrally buoyant particles. An
example for the streamline pattern in such a case is illustrated in Fig. 12 (d = 0.46,
Ar1 = �0.286, Ar2 = 0.661), where it is evident that all fluids are circulating and the surfaces of
both drops are stream surfaces.
5. Unsteady and convective mass transfer

In this section we study the case when convective transport effects should be taken into account
while inertia is still negligible. When the Peclet number is non-zero, the convective term in (7) cou-
ples hydrodynamics and species transport. For small Pe, it is reasonable to anticipate that the
solution will be close to the quasi-steady one discussed above, and search for a small correction.
Below we construct a leading order correction term following Lavrenteva et al. (1999) and
Leshansky et al. (2001). Our study of non-stationary convection transport at high Peclet in a spe-
cial case when the resistance to mass transfer is concentrated mostly in the ambient fluid is per-
formed following the methods of Lavrenteva and Nir (2001).

5.1. Low Peclet number corrections

At zero Pe, the concentration field, c(t,x), is a harmonic function in X0 exhibiting the asymp-
totic behavior
cðt;xÞ ¼ aðtÞ=jxj þOð1=jxj2Þ ð34Þ

at jxj ! 1. For non-zero Pe we consider the case when it is of the same order of magnitude in the
various phases. An attempt to make use of regular perturbation techniques results, for the leading
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order correction term, in a Poisson equation with the right-hand-side that decays as 1/jxjat large
jxj, which does not admit a solution decaying at infinity. The failure of regular perturbations
expansion underscores the need for singular perturbations.
Following the well-established procedure of matched asymptotic expansions (see e.g. Van

Dyke, 1975), inner expansion
cðt;xÞ ¼ c0ðt; xÞ þ
X1
n¼1

f n
inðeÞcnðt; xÞ; ð35Þ
and outer expansion
Hðt; nÞ ¼
X1
n¼0

f n
outðeÞHnðt; nÞ; n ¼ ex; ð36Þ
of the concentration field are introduced and then matched to satisfy appropriate conditions. The
inner expansion satisfies the required conditions on the interfaces, while outer expansion decays at
infinity.
At low Reynolds numbers, the velocity and associated pressure fields satisfy stationary Stokes

equations, which do not contain a small parameter. The solution is on the order of the concen-
tration and may be expanded in a regular perturbation series with coefficients that depend on e
in a manner that is similar to that displayed in the inner expansion for the concentration. Similar
expansions are anticipated for the drop velocities (see Lavrenteva et al., 2002 for more details).
Substituting expressions (35) and (36) into the governing equations and matching conditions,

we find that e = Pe1/2, f 0out ¼ f 1in ¼ e. The drops velocities are given by
V i ¼ V 0i þ eV 1i þOðe2Þ; ð37Þ
where V 0i is the velocity obtained by setting Pe = 0,
V 1i ¼
V 0;0iffiffiffi

p
p

Z
da
dt

dsffiffiffiffiffiffiffiffiffiffi
t � s

p ð38Þ
with V 0;0i being the velocity of the self-induced motion at a given geometry (i.e. in the absence of
gravity).
Thus, the leading order correction to the quasi-steady solution appears in the form of a Basset-

type history term of O(Pe1/2). This term describes the inherent unsteadiness of the process due to
the temporal changes in the relative position of the inner drop, and is important during the tran-
sient period. As the inner drop approaches its stable stationary position, the leading order correc-
tion is downgraded to O(Pe). Samples of the temporal dependences of V 1r ¼ V 12 � V 11 for R = 0.2,
l1 = l2 = 1 are illustrated in Fig. 13. The dashed and solid lines correspond to the initial separa-
tions d0 = 0.6 and 0.4, respectively. The upper lines are calculated for j = 2, while the lower ones
for j = 0.84. Note that the quasi-stationary relative velocities are negative (separation decreases
with time) in all four cases. Hence, the convective transfer induced corrections lead to the increase
of the relative velocity for j < 1 and to its decrease for j > 1. In all the cases the absolute value of
the correction first grows, then decays and vanishes as the inner drop touches the interface of the
larger one and in which case the geometry of the system becomes stationary.
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5.2. Convective effects at high Peclet number

Consider the case Pe1� O (1)� Pe0 = Pe, when the resistance to mass transfer is concentrated
mostly in the ambient fluid (see Lavrenteva and Nir, 2001 for a detailed analysis). To a first
approximation at t 6 O(Pe0), the concentration in the outer medium remains equal to its initial
value, c0 = 0. Inside the drop, the leading-order approximation of the concentration satisfies
Laplace equation with the boundary conditions.
c1 ¼ 0 at x 2 oX0; c1 ¼ 1 at x 2 oX2: ð39Þ
The zero-order solution in R3, determined as c0 = {ci, x 2 Xi, i = 0,1} does not satisfy the mass
flux balance condition on the interface oX0 and thus an external concentration boundary layer
should be considered along this surface.
Note that it follows from (39) that to this order the interfacial concentration remains uniform

and no Marangoni motion occurs. Hence the zero-order term in the expansion of the stream func-
tion equals zero and the first-order term in the concentration expansion in the continuous phase
satisfies a time-dependent diffusion equation without convective terms. Introduction of the
stretched boundary layer variables, Y = (r�1)/e and c = (c0�1)/e, e = Pe�1/2, into this equation
and the initial and boundary conditions results in the following boundary value problem:
oc
ot

¼ o
2c

oY 2
; Y > 0; ð40Þ
subject to
oc
oY

¼ /ðt; hÞ ¼ 1
j
oc01
or

; Y ¼ 0 ð41Þ
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and c = 0 at t = 0. h is an angle measured from the axis of symmetry. The specified initial bound-
ary value problem has a unique solution, which on the interface Y = 0 reduces to
cðt; 0; hÞ ¼ 1ffiffiffi
p

p
Z

/ðs; hÞffiffiffiffiffiffiffiffiffiffi
t � s

p ds: ð42Þ
As soon as the distribution of the surfactant along the interface is known, the Marangoni flow
and the drift velocities of the drops which are linear operators on the oc(t,0,h)/oh can be evalu-
ated. An analysis of the equation of motion similar to that of Lavrenteva and Nir (2001) leads
to the conclusion that the characteristic transient period before the drops� interfaces touch is in
this case of O(Pe1/3). Samples of temporal dependence of the scaled relative velocities are shown
in Fig. 14 where R = 0.2, l1 = l2 = 1, j = 1. Solid, dashed and dotted curves correspond to the
initial separations d0 = 0.4, 0.3 and 0.1, respectively. In all the cases the velocity first grows and
then decays as the inner drop approaches the interface of the lager one.
6. Deformable interfaces

If the capillary numbers are small, Ca2 � Ca1 = e � 1, it is natural to assume that the deforma-
tions of the interfaces are small and to construct solutions of (1)–(9) making use of regular per-
turbation techniques. Following the derivation of Berejnov et al. (2002) we describe the interfaces
using two separate polar coordinates, ri,hi,u, with origins at the centers of the undeformed drops,
ri = Ri(hi). An alternative approach based on the bi-spherical coordinates was developed in Cher-
venivanova and Zapryanov (1989). We construct a solution in the form of simple asymptotic
expansions in terms of powers of e in which
p0 ¼ p00 þ ep10 þ 	 	 	 ; p1 ¼
2

e
þ p01 þ ep11 þ 	 	 	 ; p2 ¼

2

e
Ca1
Ca2

þ p02 þ ep11 þ 	 	 	 ;
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0 1
Vi ¼ Vi þ eVi þ 	 	 	 ; RiðhiÞ ¼ Ri þ efiðcosðhiÞÞ þ 	 	 	 ; i ¼ 1; 2;
c ¼ c0 þ ec1 þ 	 	 	 ; vi ¼ v0i þ ev1i þ 	 	 	 ; i ¼ 0; 1; 2:

Substituting these expansions into Eqs. (1)–(9) gives, at the leading order, the problem that

coincides with the problem for non-deformable drops solved in Sections 3 and 4. The normal
stress balance in Eq. (4), to within terms of O(e), takes the form
d

dli
ð1� l2i Þ

dfi
dli

� �
þ 2f i ¼ QiðliÞ þ bi; i ¼ 1; 2; ð43Þ
where
QiðliÞ ¼ 2Ric0 � R2i ½n 	 P0 	 n�;

li ¼ cos hi and [n Æ P

0 Æ n] denotes the jump of the normal stresses across the interfaces evaluated
at the unperturbed boundaries. The appearance of the dimensionless constants bi reflects the fact
that the pressure inside the drops can be found up to an additive constant in excess of the static
values 2r/ai. These constants can be found from the requirement of the incompressibility of the
drops.
The homogeneous solutions of (43) are s1(l) = l and s2(l) = F(�1/2,1,1/2,l2), with F being

the hypergeometric function. Note, that s2 has logarithmic singularities at l = ± 1. The complete
bounded solution of (43) can be written as
fi ¼ li

Z li

�1
QiðlÞs2ðlÞdl þ s2ðliÞ

Z li

�1
QiðlÞldl þ bi þ c1i li

� �
: ð44Þ
The constants b1 and b2 are to be found from the condition that the volume of each drop remains
unchanged
Z 1

�1
fiðlÞdl ¼ 0:
The terms proportional to li correspond to the displacement of the drops retaining their spher-
ical form.
The results of numerical solutions for the perturbations of the shape of the drops are presented

schematically in Fig. 15. It should be noted that, as can be expected, the deformations are negli-
gibly small. Hence, we used O(1) values of Ca to make the small deformations visible. The case of
spontaneous motion is illustrated in Fig. 15a. The inner and the outer drops are, respectively, of
the form of prolate and oblate spheroids, with higher deformations in the near-contact region. In
the case of combined action of gravity and thermocapillarity we illustrate a special case of equi-
librium drops (see Fig. 15b). Here, the inner drop has an oblate form, while the outer is prolate.
Magnitude of deformations increase with the approach of the interfaces.
The above analysis is valid when the separation distance is much larger than the magnitude of

deformations. When the interfaces come closer, the analysis should be modified. The problem can
be solved by matched asymptotic expansions for small Ca following e.g. Yiantsios and Davis
(1990). This is beyond the scope of the present paper, but by the analogy with the case of two



(a) (b)

Fig. 15. Small deformations of the drops. (a) spontaneous motion. (b) equilibrium under combined action of gravity
and Marangoni effect. The dashed curves denote the unperturbed drops� surfaces.
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drops case, it can be anticipated that the deformability will prevent interface touching in finite
time.
7. Conclusions

The internal secretion of a weak surface-active substance from the inner droplet induces the
locomotion of a compound viscous drop. It was found that although the surface of the inner
droplet has a uniform concentration, the Marangoni flow generated around the surface of the
large drop causes its center to drift in the direction of the enclosed droplet. The flow generated
by the interface of the large drop causes the migration of the internal droplet in the same direc-
tion, and an external separated reverse flow appears. In general it was found that the velocity
of the inner droplet exceeds that of the large drop.With the passage of time, the droplet approaches
the interface of the drop and the eccentricity of the system is increased. When the distance between
the centers increases, the relative velocity first grows, but when the droplet approaches to the inter-
face, its relative motion is retarded by the strong viscous resistance. At the limiting configuration of
the touching droplets the aggregate will move with a constant velocity.
The combined effect of the buoyancy and spontaneous Marangoni motion is studied as well. It

is shown that a rich variety of interaction patterns may occur, which exhibits separation of flow in
the outer fluid and within the large drop. In some particular cases both drops remain suspended
motionless in the laboratory reference frame with the fluid circulating in a steady manner. A pair
of drops may have several equilibrium positions, with one or two of them being stable.
In all the cases, after a transient period of unsteady motion, the system reaches a steady con-

figuration. For the self-induced motion, the equilibrium position of the inner drop is either con-
centric or touching the interface of the large drop. In the case of combined action of buoyancy and
thermocappilarity, eccentric equilibrium configurations are possible as well. Thermocapillary ef-
fect does not vanish at an equilibrium state, unless the drops are concentric, and induces an O(1)
contribution to the steady migration velocity.
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Our main results are calculated for the simplified case of non-deforming surfaces and neglecting
inertia, and when diffusion dominates the mass transfer mechanisms in the bulks. The effect of
inertia was estimated as O(Re) for the transient period and O(Re2) for the stationary state, being
thus negligibly weak for the low Re flows under consideration. The effect of small but non-zero
convective transport was shown to be of O(Pe1/2) during the unsteady transient period and to re-
duce to O(Pe) as the stationary state is established. For another limiting case of high Peclet num-
ber of the ambient phase, it was demonstrated that the self-induced motion is slow and an O(1)
displacement of the drops occurs in time O(Pe�1/3). The evolution of the migration velocities was
calculated for a variety of governing parameters. Deformations of the drops surfaces for low cap-
illary numbers were shown to be of O(Ca). Calculations performed for sample cases revealed
nearly spheroidal, either oblate or prolate, shapes of perturbed interfaces with higher deforma-
tions in the gap region.
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Appendix A. Bi-spherical coordinates

Substituting series representation (22) into the boundary conditions (9)–(11) results in the fol-
lowing infinite system of linear algebraic equations:
E0n ¼ G0n; ðA:1Þ
E1n coshðnþ 1=2Þb þ G1n sinhðnþ 1=2Þb ¼
ffiffiffi
2

p
e�ðnþ1=2Þb; ðA:2Þ
ðE1n � E0nÞ coshðnþ 1=2Þa þ ðG1n � G0nÞ sinhðnþ 1=2Þa ¼ 0; ðA:3Þ
E0ne
ðnþ1=2Þa þ ð2nþ 1Þ coth a

j � 1 ðjE1n � E0nÞ sinhðnþ 1=2Þa þ ðjG1n � G0nÞ coshðnþ 1=2Þa
	 


¼ n
ðj � 1Þ sinh a

ðjE1n�1 � E0n�1Þ sinhðn� 1=2Þa þ ðjG1n�1 � G0n�1Þ coshðn� 1=2Þa
	 


þ nþ 1
ðj � 1Þ sinh a

ðjE1nþ1 � E0nþ1Þ sinhðnþ 3=2Þa þ ðjG1nþ1 � G0nþ1Þ coshðnþ 3=2Þa
	 


:

ðA:4Þ
To solve this system numerically, we can fix numbers of terms, for example N, and assume
En = 0 for n > N. By solving the resulting finite system, the coefficients E01; E02; . . . ; E0N ;
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E11; E12; . . . ; E1N ; G01; G02; . . . ; G0N ; G11; G12; . . . ; G1N can be found. Increasing the number N, the
solution can be found with a desired accuracy.
As soon as the concentration field is available, the stream function can be determined in the

form (24) and (25). Substituting (24) and (25) into boundary conditions (15)–(17), where the tan-
gential component of the viscous stress tensor, used in (16) and (17) are of the form
Pnf ¼ h
oU n

of
þ oU f

on

� �
þ 1

sinh a
U f sin n þ U n sin fð Þ
results in the following finite system of linear equations on the coefficients of stream function at
any n. The right-hand side of this system depends on the coefficients Ei

n and F i
n (Golovin et al.,

1995)
A2n ¼ �B2n; A0n ¼ B0n; C0n ¼ D0n; C0n ¼ �D0n; ðA:5Þ
W 2
nðaÞ ¼ W 1

nðaÞ ¼ � ðnþ 1ÞnV 1 sinh2a
ffiffiffi
2

p

2

e�ðn�1=2Þa

2n� 1 � e
�ðnþ3=2Þa

2nþ 3

� �
; ðA:6Þ
W 2
nðbÞ ¼ W 1

nðbÞ ¼ � nþ 1ð ÞnV 2 sinh2a
ffiffiffi
2

p

2

e�ðn�1=2Þb

2n� 1 � e
�ðnþ3=2Þb

2nþ 3

� �
; ðA:7Þ
dW 2
nðnÞ
dn

� dW
1
nðnÞ
dn

¼ 0; n ¼ a; b; ðA:8Þ
l1
d2W 1

n

dn2
� l2

d2W 2
n

dn2
¼ ðnþ 1Þnð2nþ 1Þ

ffiffiffi
2

p

4
ðl1 � l2ÞV 2 sinh2ae�ð1þ1=2Þb 2 cosh b

2nþ 1 � sinhb

� �
;

ðA:9Þ
d2W 0
n

dn2
� l1

d2W 1
n

dn2
¼ ðnþ 1Þnð2nþ 1Þ

2

Z 1

�1

C�1=2
nþ1 ðlÞ

ðcosh n � lÞ1=2
oc
ol
dl

"

þ
ffiffiffi
2

p

2
ð1� l1ÞV 1 sinh2ae�ð1þ1=2Þa 2 cosh a

2nþ 1 � sinh a

� �#
: ðA:10Þ
Substitution (25) for W i
n yield system of eight linear equations for the eight unknown coefficients

Ai
n; Bi

n; Ci
n; Di

n; i ¼ 0; 1; 2.
An integral term in the right-hand side of (A.10) was calculated according to
Z 1

�1

C�1=2
nþ1 ðlÞ

coshðn � lÞ2
oc
ol
dl ¼ 2UnðnÞ

2nþ 1 � 1
2

X1
j¼1

UnðnÞ
Z 1

�1

PjðlÞCnþ1ðlÞ
cosh n � l

dl:
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Appendix B. Tangent-sphere coordinates

Substituting representation (29) into boundary conditions (10), (11) and the requirement of the
continuity of c at the boundary of the large drop leads to the following linear relations between
the functions H0 (s), K0(s), H1 (s) and K1 (s),
H 0 ¼ 0; K1ðsÞ ¼ �H 1ðsÞ tanhbsþ 2

1þ e2bs ; K0ðsÞ � K1ðsÞ ¼ H 1ðsÞ tanh as: ðB:1Þ
The concentration field, thus, takes the form
c ¼ ðn2 þ f2Þ1=2
Z 1

0

H 1ðsÞðtanh as� tanh bsÞ þ 2

1þ e2bs

� �
cosh snJ 0ðsfÞds; x 2 X0

c ¼ ðn2 þ f2Þ1=2
Z 1

0

H 1ðsÞ tanh sn � tanh bsð Þ þ 2

1þ e2bs

� �
cosh snJ 0ðsfÞds; x 2 X1:

ðB:2Þ
Substituting (B.2) into boundary condition (4) results, after certain manipulations (Leshansky
et al., 1997), in the following integral equation for function H1(s):
H 1ðsÞ ¼ f1ðsÞ
Z s

0

H 1ðmÞU1ðmÞdm þ f2ðsÞ
Z 1

s
H 1ðmÞU2ðmÞdm þ U0ðsÞ;
f1ðsÞ ¼
K0ðbsÞ
u1ðsÞ

; f 2ðsÞ ¼
I0ðbsÞ
u1ðsÞ

; U1ðsÞ ¼ I0ðbsÞuðsÞ; U2ðsÞ ¼ K0ðbsÞuðsÞ;
u1ðsÞ ¼ a tanh asþ ðj � 1Þ tanhbs½ � sinh as� ja cosh as;
uðsÞ ¼ tanh asþ ðj � 1Þ tanhbs½ � cosh as� j sinh as;
U0ðsÞ ¼
2ð1� jÞ

u1ðsÞ
a sinh as
1þ e2bs þ K0ðbsÞ

Z s

0

cosh am
1þ e2bm

I0ðbmÞdm þ I0ðbsÞ
Z 1

s

cosh am
1þ e2bm

K0ðbmÞdm
� �

;

where I0(x) and K0(x) are the modified Bessel function of the first kind and the McDonald func-
tion, respectively.
This integral equation is equivalent to the following linear ordinary differential equation and

boundary conditions:
g2ðsÞ
d2H 1

ds2
þ g1ðsÞ

dH 1

ds
þ g0ðsÞH 1 ¼ gðsÞ; dH 1

ds
¼ 0; s ¼ 0; H 1 ! 0; s ! 1
with
gðsÞ ¼ 2ð1� jÞe2bs

ð1þ e2bsÞ3
ðe2bss� e2bs � s� 1Þ sinh as� 2asð1þ e2bsÞ cosh as
	 


;
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d2u ðsÞ du ðsÞ du ðsÞ

g0ðsÞ ¼ s 1

ds2
þ 1

ds
� suðsÞ; g1ðsÞ ¼ u1ðsÞ þ 2s 1

ds
; g2ðsÞ ¼ su1ðsÞ
and H1 (s) satisfying
H 1ð0Þ ¼ 2að1� jÞ
Z 1

0

cosh as
1þ e2bs K0ðasÞds� a

Z 1

0

H 1ðsÞuðsÞK0ðasÞds:
This problem can be solved numerically as described in Leshansky et al. (1997). As soon as the
concentration on the boundary is known, substituting presentation (30)–(32) into boundary con-
ditions (15)–(17) results in a following set of linear algebraic equations on the functions
A(s),B(s),C (s),D (s),A0(s),C0(s),A2 (s) and C2(s).
AðsÞ sinh asþ BðsÞa sinh asþ CðsÞ cosh asþ DðsÞa cosh as ¼ 0;
AðsÞ sinhbsþ BðsÞb sinhbsþ CðsÞ coshbsþ DðsÞb coshbs ¼ 0;
A2ðsÞ þ C2ðsÞb ¼ 0; A0ðsÞ þ C0ðsÞb ¼ � 1
2
e�2sb b þ 1

s

� �
V 1;
AðsÞsþ CðsÞs tanhbsþ BðsÞðbsþ tanhbsÞ þ DðsÞð1þ bs tanh bsÞ ¼ A2ðsÞ
1þ 2e2bs ;
l1ðCðsÞ coshbcþ DðsÞ sinhbsÞ ¼ �2l2e�bsC2ðsÞ;
AðsÞsþ CðsÞs tanh asþ BðsÞðasþ tanh asÞ þ DðsÞð1þ sa tanh asÞ ¼ A2ðsÞ
1þ 2e�2as �

2asþ 1
1þ 2e2as V 1;
l1ðCðsÞ cosh acþ DðsÞ sinh asÞ � 2easC0ðsÞ ¼ � e
�as

2
V 1 þ

1

a
cosh as

dHðsÞ
ds

� sinh as
dKðsÞ
ds

� �
:
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